A joint fractional domain signal representation is proposed based on an intuitive understanding from a timefrequency distribution of signals that designates the joint time and frequency energy content. The joint fractional signal representation (JFSR) of a signal is so designed that its projections onto the defining joint fractional Fourier domains give the modulus square of the fractional Fourier transform of the signal at the corresponding orders. We derive properties of the JFSR, including its relations to quadratic time-frequency representations and fractional Fourier transformations, which include the oblique projections of the JFSR. We present a fast algorithm to compute radial slices of the JFSR and the results are shown for various signals at different fractionally ordered domains.
INTRODUCTION
One of the major areas of research in time-frequency signal processing is the design of novel time-frequency representations that are utilized to analyze and process nonstationary signals [1, 2] . As time-frequency distributions do not always convey desirable qualifications in every application, the demand for powerful signal representations has led to a substantial amount of research on the design of 2D signal representations defined by alternative variables other than time and frequency. Joint time-scale representations, which have attracted much interest especially in the fields of sonar and image processing, constitute one of the earliest examples of this type of representation. Other popular choices of joint variables include higher derivatives of the instantaneous phase of signals for radar and sonar problems [3, 4] ; dispersive time-shifts for wave propagation problems and analogs of quantum mechanical quantities such as spin, angular momentum, and radial momentum [5] ; and scale-hyperbolic time, warped time-frequency, and warped time-scale. Such signal representations have been derived by using two alternative approaches that are both based on the operator theory: the variables are associated with either Hermitian operators as in [2] or unitary operators as in [5] . Similarly, a joint fractional signal representation has been derived in a mathematical framework by associating Hermitian fractional operators to fractional Fourier transform (FrFT) variables constituting the joint distribution [6] .
The fractional Fourier domains are the set of all domains interpolating between time and frequency [7, 8] 
͑2͒
is the transformation kernel, = a͑ /2͒ and sgn͑ ͒ is the sign function.
The fractional Fourier domains corresponding to a =0 and 1 are the time and frequency domains, respectively. The FrFT with an order parameter a = a 0 transforms a signal into the a 0 th-order fractional Fourier domain, which is oriented by 0 = a 0 / 2 with respect to the time axis in the counterclockwise direction as illustrated in Fig. 1 . The FrFT has found many applications in signal processing [10] [11] [12] [13] [14] [15] [16] , optics, diffraction theory, optical propagation, and optical signal processing [17] [18] [19] [20] .
In this paper, we derive the joint fractional signal representation (JFSR), which designates the energy contents of signals in fractional Fourier domain variables instead of time and frequency. To this end, rather than using cumbersome mathematical equations based on operator theory, we extend our intuitive understanding from a time-frequency distribution, i.e., a function that designates joint time and frequency contents of signals. Then, we derive some important properties of the JFSR including its relation to quadratic time-frequency representations and fractional Fourier transformations, and present a simple formula for its oblique projections. We also present a fast algorithm to compute radial slices of the JFSR and numerically computed JFSRs of some synthetic signals.
